Prototype cantilevers for quantitative lateral force microscopy Rev. Sci. Instrum. 82, 093706 (2011) Atomic force microscopy at ambient and liquid conditions with stiff sensors and small amplitudes Rev. Sci. Instrum. 82, 093703 (2011) Distortion in the thermal noise spectrum and quality factor of nanomechanical devices due to finite frequency resolution with applications to the atomic force microscope Rev. Sci. Instrum. 82, 095104 (2011) Mapping of conservative and dissipative interactions in bimodal atomic force microscopy using open-loop and phaselocked-loop control of the higher eigenmode Appl. Phys. Lett. 99, 074103 (2011) Comment on "Thermal frequency noise in dynamic scanning force microscopy" [J. Appl. Phys. 109, 024310 (2011) To simulate the behavior of an atomic force microscope ͑AFM͒ operating in liquid, a lumped-parameter model of a 40ϫ 5 m 2 thick silicon cantilever with natural frequencies ranging from 3.0 to 6.0ϫ 10 5 rad/ s was combined with a transient Navier-Stokes solver. The equations of motion were solved simultaneously with the time-dependent flow field. The simulations successfully capture known characteristics of the AFM in liquid, including large viscous losses, reduced peak resonant frequencies, and frequency-dependent damping. From these simulations, the transfer function G͑s͒ of the system was obtained. While the transfer function shares many of the characteristics of a second-order system at higher frequencies, the frequency-dependent damping means that a second-order model cannot be applied. The viscous damping of the system is investigated in greater depth. A phase difference between the peak velocity and peak damping force is observed. Both the phase difference and the magnitude of the damping are shown to be functions of the excitation frequency. Finally, the damping is shown to be strongly dependent on the liquid viscosity and weakly dependent on the liquid density.
I. INTRODUCTION
Operation of the atomic force microscope ͑AFM͒ in tapping, or vibrating, mode 1 constitutes a dynamic system dependent on feedback control. When operated in vacuum or air, damping is relatively low, 2 greatly simplifying the control process. 3, 4 However, the AFM can also be operated in liquids, 5, 6 allowing the study of living cells 7 and biological molecules. 8 Operation in liquid greatly complicates operation of such systems. While problems of actuation 9 and system integration 10 have been addressed, the damping increases, limiting the quality factor of the system. 11 A similar set of issues has been encountered in the use of micromachined cantilevers for biosensing. [12] [13] [14] [15] Among the proposed solutions to this problem is to increase the sophistication of the feedback control systems used, an approach often referred to as Q control. 16 This approach has been the subject of extensive experimental and theoretical study. 7, 8, 14, [17] [18] [19] This, in turn, has led to more rigorous attempts to apply a control theory to the AFM. [20] [21] [22] [23] Rigorous application of control theory requires understanding of the transfer function G͑s͒ of the system. Previous efforts to determine the transfer function through analysis have focused on lightly damped systems. [24] [25] [26] However, an AFM operating in liquid will encounter heavy damping. Dynamic simulation of an AFM operating in liquid has the potential to determine the transfer function, as well as give insight into the physical mechanisms affecting AFM in liquids.
The present work attempts to study the transfer function for a micromachined cantilever vibrating through a heavy fluid by integrating a lumped-parameter model of the cantilever with a full solution of the Navier-Stokes equations for the surrounding fluid. The simulation method is outlined, and the results for a 40 m ϫ 5 m thick silicon cantilever vibrating in water are presented. The transfer function for this system is then characterized. Additional simulations provide insight into how the transfer function will change based on fluid properties as the system is operated in fluids other than water.
II. SYSTEM MODEL
Lumped-parameter models have proven effective in the determination of the quality factor of micro-and nanoscale cantilevers vibrating in viscous fluids. 2, [27] [28] [29] [30] Recent work has shown that a full solution of the Navier-Stokes equations around a vibrating beam can also capture the phase lag in such a system. 31 Similar models have also been used for the dynamic behavior of AFMs and are valid as long as higher order harmonics are not excited. 32 In these models, the geometry of the microcantilever of length l, width b, thickness d, and tip displacement ⌬y ͑shown in Fig. 1͒ is reduced to the two-dimensional cross section shown in Fig. 2. a͒ The cantilever motion can be described using a maximum displacement and a frequency:
where A is the amplitude of vibration and is the vibrational frequency. Solving the Navier-Stokes equations around the cantilever will allow determination of the force F D on the cantilever. Integration of the work done on the fluid by the beam over 1 cycle is then used to determine the quality factor of the beam. This approach must be modified to determine the transfer function for an applied force. The cross section shown in Fig. 2 is incorporated into the lumped-parameter model of the vibrating beam shown as Fig. 3 . F͑t͒ represents the actuation force. F D is the fluidic damping force. The cross section of the beam is attached to a spring, which creates a force F s proportional to the displacement from an initial position y o . The equation of motion of the system is given by
where m is the mass of the system per unit length and k eff is the effective stiffness of the system. The actuation force is given in terms of a peak force F o and a frequency :
For analysis of the fluid-structure interaction, the drag force is often treated as a linear function of the velocity, 33 which allows the system to be simplified to the classical massdamper-spring system described by Eq. ͑4͒, which is often used to model the AFM. [34] [35] [36] In many cases, an effective damping coefficient c eff is used to give the equivalent of linear damping;
However, this approach does not capture the phase difference between the peak velocity and the peak fluidic force that has been observed in the numerical simulation of fluidic damping in resonant microsystems. To capture the effect of this phase difference, a simulation approach, similar to that taken for fluid-structure interaction at the macroscale, is proposed. In the revised approach, the equations of motion are coupled with a full solution of the Navier-Stokes equation for the flow around the cantilever.
For a two-dimensional simulation of the threedimensional cantilever geometry, an effective mass and stiffness must be chosen that incorporate as much of the threedimensional physics as possible. The cantilever is assumed to be excited in the first mode of vibration, where the natural frequency is given by
where k n is the mode constant, l is the length of the cantilever, E is the elastic modulus of the material, I is the moment of inertia, and m is the mass per unit length. 37 For a cantilever in the first mode of vibration, the mode constant is equal to 1.875.
The moment of inertia I is given by
where b is the width of the cantilever and d is the thickness.
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The mass per unit length will be given by
where s is the density of the cantilever. The mode shape is given by
where A o is the amplitude of vibration at the tip of the cantilever. Simplifying this model from three to two dimensions requires consistent selection of an effective mass m eff and an effective stiffness k eff . The two should be selected so that the natural frequency of the two-dimensional system is the same as that of the three-dimensional cantilever. This sets the condition
The convention from the vibration theory is to select the stiffness based on the response to an actuation force and then use Eq. ͑9͒ to estimate the effective mass. 38, 39 Modeling of the actuation, tip, and fluidic forces for AFM in a viscous fluid using a lumped-parameter model is complicated by the fact that a vibrating cantilever has different responses and stiffnesses relative to actuation, tip, and fluidic forces. Any stiffness k eff selected for a lumpedparameter model of AFM will introduce an error in how at least one of these forces is modeled. Figure 4 shows three 
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Martin, Fathy, and Houston J. Appl. Phys. 104, 044316 ͑2008͒ loading models: one in which the force is applied at the tip, one in which the force is applied uniformly across the cantilever, and one in which the force is proportional to the displacement. The tip force can be considered as a concentrated force acting at the end of the cantilever, as shown in Fig. 4͑a͒ . This will give the reported stiffness for an AFM cantilever as
where F tip is the tip force and k tip is the stiffness relative to the tip force. 40 Modeling of the actuation force is more complex. A variety of actuation methods are used for AFM, including mechanical actuation at the base of the cantilever, 41 magnetic actuation, 9, 42 and thermal actuation. 43, 44 This problem is further complicated by the fact that magnetic actuation can be accomplished either through a magnetic field acting on a magnetic particle on the tip 42 or on magnetic material distributed along the length of the cantilever. 9 Thermal actuation can be accomplished either through deposition of heat at the cantilever base 43 or through uniform heating along the length of the cantilever. 44 Both of these approaches will create a distributed force along the length of the cantilever, although computing the exact distribution requires extensive thermal analysis.
In this simulation, the actuation force is uniformly distributed along the width of the beam, as shown in Fig. 4͑b͒ . This simple assumed distribution of actuation force aids in this paper's analyses, but it has not been validated against experimental AFM results. The problem of modeling actuation force distribution in AFM and using these results in lumped-parameter models remains an open research question.
The displacement based on a uniform actuation force per unit length, f, is given by
where k a is the stiffness relative to the actuation force. 40 The stiffness is given by
By setting the displacements equal to each other, we can show that this effective stiffness is proportional to the stiffness based on tip deflection divided by the length:
The third force is the fluidic force. The distribution of the fluidic force will be proportional to the local amplitude of vibration or the mode shape of the cantilever, as is shown in Fig. 4͑c͒ . While as a first approximation the undamped mode shape is shown, previous work suggests that the quality factor and the system performance are independent of the mode shape. 27 Because the purpose of this study is to determine the system response relative to an actuation force, the stiffness relative to force was used as the effective stiffness. This choice of conventions for handling the stiffness creates a source of error in handling the response of the system to fluidic and tip forces. This error is not unique to the outlined approach. Some form of this error exists in all lumpedparameter models of damped systems, including the models currently used for atomic force microscopy. Because experience in modeling of damping in micromachined resonators shows that the relative damping and the quality factor are independent of the mode shape and magnitude of excitation, it is assumed that the error in handling the distribution of fluidic forces along the cantilever relative to the stiffness is small. This issue may require additional theoretical investigation using a three-dimensional simulation.
Once a stiffness is determined, the effective mass of the system is determined using the Rayleigh method. 39 The effective stiffness from Eq. ͑12͒ can be substituted into Eq. ͑9͒ to determine the effective mass of the system:
This yields an expression for the effective mass of the system:
III. SIMULATION METHOD
The solution algorithm consists of performing the following computations at each time step: ͑1͒ Solution of the velocity and pressure using a timedependent Navier-Stokes algorithm. ͑2͒ Computation of the fluid force, spring force, and actuation force on the cantilever.
FIG. 4. ͑a͒.
Cantilever geometry for tip loading. ͑b͒ Cantilever geometry for uniform loading. ͑c͒ Cantilever geometry for fluidic loading.
͑3͒ Computation of the acceleration, velocity, and position of the cantilever. ͑4͒ Updating of fluid boundary conditions based on the new cantilever velocity.
The Navier-Stokes equations are solved using a transient computational fluid dynamics code using the geometry and boundary conditions shown in Fig. 5 . The code uses the transient marker-and-cell method 45, 46 capturing the oscillatory nature of the flow. A uniform mesh with 100 cells in the x-direction, 120 cells in the y-direction, and a height 20 times the cantilever thickness and five times the cantilever width was used to calculate the flow at each time step. To reduce the computational time, the symmetry plane of the geometry is used.
The pressure at the boundary is kept constant. The velocity boundary conditions for the flow are based on the cantilever motion:
where u is the velocity in the x-direction and v is the velocity in the y-direction. At each time step n, a fluid force is calculated by integrating the force over the surface of the cantilever:
͑18͒
The actuation force is given by Eq. ͑3͒, and the spring force is computed using Eq. ͑19͒,
These forces are then combined to obtain the equations of motion, which are integrated numerically using an Euler method:
v n+1 = v n + a n ⌬t, ͑21͒
where a n , v n , and y n represent the acceleration, velocity, and position at each time step, and ⌬t is the size of the time step. The Euler method was selected because its simplicity allows it to be combined easily with the time marching of the fluid solver. The flow boundary condition ͑17͒ is updated using the new velocity, and the computation is repeated until the vibration achieves steady state.
The maximum time step for the simulation is set by the stability limits of the Navier-Stokes solver. For a markerand-cell marker at low Reynolds numbers, this is given by
where f and f are the fluid density and viscosity, and ⌬ min is the minimum size of the fluid mesh. 46 This value is typically much smaller than the time scale given by the natural frequency of the structure, meaning that it is the limiting time step in the simulation.
IV. TRANSFER FUNCTION RESULTS
The transfer function was analyzed for seven cases, where the natural frequency was altered by changing the effective stiffness of the structure, as described in Table I beam was assumed to be silicon with a density of 2330 kg/ m 3 and an elastic modulus of 160 GPa. 48 The cantilever was 40ϫ 5 m 2 . The maximum displacement as a function of excitation frequency is shown in Fig. 6 . The results show many of the characteristics observed experimentally, 8 including a large shift in the peak frequency away from the resonant frequency in air, low amplitudes of vibration, and higher displacements at low frequencies than observed at high frequencies.
This result is nondimensionalized into K using
The gain A db and the normalized frequency s are given by A db = 20 log 10 ͑K͒, ͑25͒
The Bode plots, showing the gain and phase lag versus the normalized frequency, are shown in Figs. 7 and 8. Figure  9 is the Nyquist plot, showing the real and imaginary portions of the transfer function. The peak frequencies for these cases are listed in Table II .
Several conclusions about the physical nature of the system can be reached from these results. Figures 7 and 8 suggest that a transfer function will have many of the characteristics of the classic second-order damped system, including a high-frequency roll-off slope of −40 dB per decade and a high-frequency phase shift of −180°. However, due to the frequency-dependent damping, an analytical second order will not accurately model the system response at frequencies below the resonant peak. Figure 9 suggests that because the ͑−1, 0͒ vector is not encircled, the Nyquist stability criterion is satisfied for the system. 49 These results show the damping to be more complex than a simple dash-pot model. The dynamics of damping at different frequencies can be discussed by viewing results for one cantilever at different excitation frequencies. Figures 10͑a͒-10͑c͒ show the driving force, spring force, and fluid drag as a function of t for a cantilever with an undamped natural frequency of 4.0ϫ 10 5 s −1 . The results for three excitation frequencies are shown: 2.4ϫ 10 5 , the peak frequency of 2.94ϫ 10 5 , and 4.00ϫ 10 5 rad/ s. These sample results illustrate several characteristics of the fluid damping force on the cantilever. First, they show that the damping forces are of the same order of magnitude as the actuation force and spring force in the system, showing that the system is heavily damped. These figures also suggest that the fluid force is not in phase with the fluid velocity. A phase plot of fluid force versus velocity is shown in Fig. 11, confirming this 
V. DAMPING RESULTS

͑28͒
then the fluid force F d can then be written using the velocity, with an additional phase added:
C f and collapse onto one curve for all cases studied, as shown in Figs. 12 and 13 . Figures 12 and 13 show C f and and a function of frequency for the cases studied. Figure 12 shows that the magnitude of the damping is dependent on the frequency at low frequencies and may approach an asymptote at higher frequencies. Figure 13 shows that the peak force leads the the peak velocity at low frequencies but lags the peak velocity at higher frequencies. Finally, the fact that the damping models collapse onto one curve suggests that the results for one cantilever geometry vibrating in liquid can be generalized across a wide range of natural frequencies.
VI. EFFECT OF FLUID PROPERTIES
To evaluate the effect of fluid properties on the system, two additional sets of simulations were performed using a cantilever with a natural frequency of 4.0ϫ 10 5 rad/ s. In the first set of simulations, the viscosity was varied between 0.4 and 1.4 times the viscosity of water and the resonant frequency r was extracted from the simulation. These ratios of resonant frequency to the natural frequency as a function of viscosity are shown in Fig. 14. As expected, the frequency shifts and the damping approach zero as viscosity approaches zero. At lower viscosities, the resonant frequency appears to be dependent on the viscosity. However, above a critical viscosity, the resonant frequency decreases dramatically as the system approaches critical damping. At this point, the viscosity does not have a strong effect on the resonant frequency.
While holding the viscosity constant, the fluid density was changed to specific gravities ranging from 0.2 to 3.0 and the resonant frequency r was extracted from the simulation. These ratios of the resonant frequency to the natural frequency as a function of viscosity are shown in Fig. 15 .
These results show that the frequency shift is a weak function of the fluid density. This suggests that there is a For the 40 m cantilever vibrating at 3.69ϫ 10 5 rad/ s in water, the Reynolds number is estimated as approximately 0.3. To achieve a truly linear damping, the Reynolds number must be in the Stokes flow regime or be much less than 1. This condition is clearly not satisfied for an AFM operating in liquid, causing a density effect and frequency-dependent damping to appear.
VII. CONCLUSIONS
This paper demonstrated that a lumped-parameter model could be integrated with a transient Navier-Stokes solver to simulate the behavior of an AFM oscillating in liquid. The simulation captures the experimentally observed characteristics of cantilevers vibrating in liquid, including a large shift in peak displacement from the natural frequency.
While the damping can theoretically be reduced to linear damping with an applied phase shift, the magnitude and phase shift must be determined computationally. However, the results for one cantilever stiffness can be applied across a range of cantilever stiffnesses and natural frequencies.
Finally, the effect of fluid properties on the system is computed. The damping appears to be a strong function of the fluid viscosity and a weak function of the fluid density. This can be explained by the fact that the cantilever has a Reynolds number well above the limit for linear Stokes flow values.
Finally, these results show that the peak displacement and the peak actuation force are anywhere from 10°to 70°o ut of phase with each other for an AFM cantilever vibrating in liquid. This is different from the value of 90°expected for a lightly damped resonator, such as an AFM cantilever operating in air or vacuum. Because of this, control algorithms designed for lightly damped AFM may not be ideal for AFMs operating in liquid.
